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O ■ We develop the off-shell nilpotent finite field dependent BRST transformations 

,£h . and show that for different choices of the finite field dependent parameter these con- 

nect the generating functionals corresponding to different effective theories. We also 

> 

(f-} ■ construct both on-shell and off-shell finite field dependent anti-BRST tranformations 

for Yang Mills theories and show that these transformations play the similar role in 
connecting different generating functionals of different effective theories. Analogous 
' to the finite field dependent BRST transformations, the non-trivial Jacobians of the 

path integral measure which arise due to the finite field dependent anti-BRST trans- 
formations are responsible for the new results. We consider several explicit examples 
& ' in each case to demonstrate the results. 



I. INTRODUCTION 

The Becchi, Rouet, Stora and Tyutin (BRST) symmetry is a fundamental tool for 
the study of gauge theories. This symmetry guarantees the quantization, renormalizabil- 



4|. BRST symmetry is 



ity, unitarity and other aspects of Yang-Mills (YM) theories 
characterized by a continuous global parameter which is anticommuting in nature. One 
of the most important characteristics of the BRST symmetry is nilpotency. The usual 
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BRST transformation uses equation of motion to achieve nilpotency which is referred as 
on-shell nilpotency. In order to make it nilpotent without using equations of motion, 
Nakanishi and Lautrup [5[ introduced a new field, having no independent dynamics called 
as auxiliary field. In auxiliary field formulation BRST transformation becomes off-shell 
nilpotent. 

Joglekar and Mandal have shown that the usual infinitesimal, global BRST transfor- 
mation can be integrated out to construct the finite field dependent BRST (FFBRST) 
transformation [6]. The parameter in such transformation is anticommuting, finite in 
nature, depends on the fields, and does not depend on space-time explicitly. FFBRST 
transformations are also the symmetry of the effective theories and maintain the on-shell 
nilpotency property. FFBRST transformations can connect the generating functionals 
of two different effective field theories with suitable choice of the finite field dependent 
parameter {(|. For example, these transformations can be used to connect the Faddeev- 
Popov (FP) effective action in Lorentz gauge with a gauge parameter A to (i) the most 
general BRST/anti-BRST symmetric action in Lorentz gauge 6] , (ii) the FP effective 
action in axial gauge 7 11], (iii) the FP effective action in Coulomb gauge [12 |. (iv) FP 
effective action with another distinct gauge parameter A' [6| and (v) the FP effective ac- 
tion in quadratic gauge [6j. The FFBRST transformation can also be used to connect 
the generating functionals corresponding to different solutions of the quantum master 
equation in field/antifield formulation 15j. The choice of the finite parameter is crucial 
in connecting different effective gauge theories by means of the FFBRST transformation. 
The path integral measure in the expression for generating functional is not invariant un- 
der FFBRST transformation. The non-trivial Jacobian of such FFBRST transformation 
is the source for the new results. 



FFBRST transformations have found many applications [7H12L 1194191] in the study of 
gauge theories. A correct prescription for the poles in the gauge field propagators in non- 
covariant gauges have been derived by connecting effective theories in covaria nt g auges 



to the theories in non-covariant gauges by using FFBRST transformation 12J, |18|. The 



divergent energy integrals in the Coulomb gauge are regularized by modifying the time 
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12| . The FFBRST transformation which 



like propagator using FFBRST transformation 
is discussed so far, in literature is only on-shell nilpotent. 

In this work, we formulate the FFBRST transformations in auxiliary field formula- 
tion to make these transformations off-shell nilpotent. We consider several examples to 
demonstrate that the FFBRST transformations in auxiliary field formulation also lead 
to similar results in connecting the different generating functionals. FP effective action 
remains invariant under a different form of BRST transformations where the roles of 
ghost and anti-ghost fields are interchanged, these BRST like transformations are known 
as anti-BRST transformations. Anti-BRST transformation does not play as fundamental 
role as BRST symmetry itself but it is a useful tool in geometrical description [3] of 
BRST transformation, in the investigation of perturbative renormalization of Yang Mills 

n 

models [141 ] . We further construct the finite field dependent anti-BRST (FF anti-BRST) 
transformation analogous to the FFBRST transformation. By considering several simi- 
lar choices of finite field dependent parameter in FF anti-BRST transformation we show 
that FF anti-BRST transformation also connects the generating functionals correspond- 
ing to different effective theories. Finally, we consider the formulation of FF anti-BRST 
transformation in auxiliary field formulation also to make it off-shell nilpotent. 

Now, we briefly mention the plan of the paper. We start with a small introduction 
to the FFBRST transformation in Sec. II and discuss the formulation of the FFBRST 
transformations in auxiliary field method with several examples in Sec. III. In Sec. IV, 
we construct FF anti-BRST transformation and consider few examples with different 
choices of finite parameter. In section V, we discuss the FF anti-BRST in auxiliary field 
formulation. We summarize the results in Sec. VI. 



15 



II. PRELIMINARY : FFBRST 



et us now briefly review the FFBRST formulation of pure gauge theories 



-Il9j|. FFBRST transformations are obtained by integrating the infinitesimal (field 



dependent ) BRST transformations [6(. In this method all the fields are functions of some 
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parameter, k : < k < 1. For a generic field k), <p(x, k — 0) = 0(a;) is the initial field 
and « = 1) = is the transformed field. Then the infinitesimal field dependent 

BRST transformations are defined as 

-^-(j>(x, k) = Sbrst <j>{x, k) Q'[(p(x, «)], (2.1) 

where Q'dn is an infinitesimal field dependent parameter. It has been shown jo] by 
integrating these equations from k = to k = 1 that the <p'(x) are related to (p(x) by the 
FFBRST transformations 

4>'(x) = <f>{x) + 5 BRST <f>(x) Q[<f>{x)], (2.2) 
where 0[0(x)] is obtained from B'[0(a;)] through the relation 

e[0(x)] = &W f wf ^~\ (2-3) 

and / is given by / = J2i j^m $brst <fii( x ). These transformations are nilpotent and 
symmetry of the FP effective action. However, Jacobian of the path integral measure 
changes the generating functional correponding to FP effective theory to the generating 
functional for a different effective theory. 

The meaning of these field transformations is as follows. We consider the vacuum 
expectation value of a gauge invariant functional G[A] in some effective theory, 

« G[A] »= J V(f> G[A] exp(iS eff [</>]), (2.4) 

where 

^eff — Sq + S g f + S g . (2.5) 

Here, S is the pure YM action 



Sn = d x 



_}_Tpaiiv ™ 

4 w 



(2.6) 



and the gauge fixing and ghost part of the effective action in Lorentz gauge are given as 

S gf = -^Jd 4 x(d-A c 



\a\2 

j 



*Sg — / d x 



(2.7) 
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The covariant derivative is defined as -D° b [A] = 8^8^ + gf abc A c . 

Now we perform the FFBRST transformation — > <p' given by Eq. ( 12. 2\i . Then we 
have 

« G[A] »=« G[A'] »= J V<j)'J{(j)']G[A'] exp(z5f // [0']), (2.8) 

on account of BRST invariance of S e ff and the gauge invariance of G[A]. Here J[<j>'] is 
the Jacobian associated with FFBRST transformation and is defined as 

V(/> = V<f>'J[<f>']. (2.9) 

Note that unlike the usual infinitesimal BRST transformation, the Jacobian for FFBRST 
is not unity. In fact, this non-trivial Jacobian is the source of the new results in this 
formulation. As shown in Ref. [6| for the special case G[A] = 1, the Jacobian J[(f>') can 
always be replaced by exp(i Si [<//]), where Si (</>') is some local functional of the fields and 
can be added to the action, 

S en W] + S l [<P']=S' eff [ ( p'}. (2.10) 
Thus the FFBRST transformations change the effective action of the theory. 



in. OFF-SHELL NILPOTENT FFBRST 



In this section, we intend to generalize the FFBRST formulation in an auxiliary field 
formulation. We only mention the necessary steps of the FFBRST formulation in presence 



of auxiliary field 



15j. For simplicity, we consider the case of pure YM theory described 



by the effective action in Lorentz gauge 



--F ailu FZ + -{B a f - B a d ■ A a - c^d^Dfc 13 



(3.1) 



Following the procedure outlined in section II, it is straightforward to construct FFBRST 
transformations under which the above S^j- remain invariant. These transformations are 
as follows: 
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c a -> c a - ^F^cPc* e(A,c,c,B), 
c a c a + B a Q(A,c,c,B), 
B a -»■ 5°. 



(3.2) 



The finite parameter, G(A, c, c, B) also depends on the auxiliary field B. However, a non- 
trivial modification arises in the calculation of Jacobian for this FFBRST in an auxiliary 
field formulation. The Jacobian can now be defined as 

DA(x)Dc(x)Dc(x)DB(x) = J(x, k)DA(x, k)Dc(x, k)Dc(x, k)DB(x, k) 

= J(k + dk)DA(k + dk)Dc(k + dk)Dc(k + dk)DB(k + dk). 

(3.3) 

The transformation from (j)(k) to (p(k + dk) is an infinitesimal one and one has, for its 
Jacobian 



J(k) 



5(p(x, k + dk) 



(3.4) 



J{k + dk) ^ 5(p(x, k) 
where sums over all the fields in the measure A®, c a ,c a , B a and the ± sign refers to 
the cases of fields being bosonic or fermionic in nature. We evaluate the right hand side 

as 



J d 4 xj2 



6A«(x,k + dk) 5c a (x,k + dk) 5c a (x,k + dk) + 5B a (x,k + dk) 



8A%(x,k) 



Sc a (x,k) 



Sc a (x,k) 



6B a (x } k) 



(3.5) 



dropping those terms which do not contribute on account of the antisymmetry of structure 
constant. We calculate infinitesimal Jacobian change as mentioned in |6J to be 



1 dJ(k) 



— d x 



v v> $A a . v ' 5c a 5c° 5B a 



(3.6) 



J(k) dk 

Further, it can be shown that the Jacobian in Eq. (I3.3P can be expressed as e iSl ^ if it 
satisfies the following condition [6] 



ASeff+Sl) ( 1^ _ 







(3.7) 



\J dn dn 

Now, we consider different choices of the parameter G' (which is related to G through the 
relation in Eq. (12. 31) ) to show the connection between a pair of theories. 
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A. Connecting YM theory in Lorentz gauge to the same theory 

in axial gauge 

To show the connection between YM theories in Lorentz gauge and axial gauge we 
start with the Lorentz gauge YM theory in the auxiliary field formulation, described by 
the effective action given in Eq. (13. ip and choose the finite parameter as 



Q' = iJ d A x c a [ 7 iA5° + 72 {d ■ A a - v ■ A a )] 



(3.8) 



where 71, 72 are arbitrary constants and A is a gauge parameter. Using Eq. (I3.6p . we 
calculate the change in the Jacobian of such transformation as 



Jdk ' 



J d A x [ 7l A(B a ) 2 + 72 5 Q (d ■ A a - 77 • A a ) + 72 c a (Mc Q - Mc c 



(3.9) 



where M = d ■ D and M = rj ■ D. We further make an ansatz for S\ in this case as 



Si [(p(k),k] 



d 4 x 



U^)(B a ) 2 + U*)B a d ■ A a + U^)B a V ■ A a 



(3.10) 



The constants depend on k explicitly and satisfies the following initial condition 



&(« = 0) = 0. 



(3.11) 



Using Eq. (12. ip we calculate 
dSi 1 j 



dn 



d x 



^L( B a f + ^B a d ■ A a + ^B a v ■ A a + ^c a Mc a + ^c a Mc° 
dn an dn dn an 



&B a Mc a e' - £ 5 B a Mc a B 



(3.12) 



From the condition mentioned in Eq. (13. 7p . we obtain 



V<p exp [i (s L eff + S l )]J d'x {Mc a O'[B a (& - &)] + Mc a Q'[B a ^ 3 - &)] 
+ (B a )\^ ~ 7iA) + B a d ■ A a (^ - 72) + B<* v + 72) 



+ c a Mc a (§^- 72) + c a Mc a (§^ + 72) 
an uk 



0. 



(3.13) 
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The last two terms of Eq. f 1 3 . 1 3 j) vanishes by using equations of motion for ghost and 
antighost fields when the following condition is satisfied 

djj/dK - 72 = d£ 5 /d,K + r/ 2 , g ^ 

The non-local 0' dependent terms are cancelled by converting them to local terms using 



anti-ghost equation of motion 18j. This can only work if the two 0' dependent terms 
combine in a certain manner, depending again on the ratio of coefficients of c a Mc a and 
c a Mc a in terms in S^ff + S\. This requires that 

1^T = — (3 - 15) 

When the above two equations (I3.14p and (I3.15P are satisfied, the non-local 0' dependent 
terms get converted to local terms. The coefficients of local terms (B a ) 2 , B a d ■ A a , 
B a r] ■ A a , c a Mc a , and c a Mc a independently vanish, giving rise to following differential 
equations respectively, 

dn 
d& 
dn 
^3 
dn 
dU 
dn 
dZ 5 



- 71A + 7 iA(6 - £4) + 7iA(£ 3 - £5) = 0, 

an 

{h , 72 + 72(6 - £4) + 72(63 - £5) = 0, 

j , +12- 72(6 - £4) - 72(6 - &) = 0, 

, 72 = 0, 
dn 



rfK+72 = 0. (3.16) 

The above equations can be solved for various £i(/c) using the boundary conditions given 
by Eq. (13. lip and the solutions (72 = 1) are given as 

£1 = 71AK, 

62 = K, 

£3 = 

£4 = «, 

6 = (3.17) 



Putting the above values in Eq. (|3.10p . we get 

S 1 = 7i Ak( j B q ) 2 + nB a d ■ A a - KB a 7] ■ A a + nc a Mc a - nc a Mc a . 



(3.18) 



FFBRST in Eq. (13.21) with the parameter given in Eq. (13.81) connects the generating 
functional in Lorentz gauge, 

Z L = J V(pe iS -ff (3.19) 
to the generating functional corresponding to the effective action 



Si 



eff 



S L eff + S x {K = l) 

QlA 

°eff> 



d 4 x 



■-F°F aflu + -{B a f- B a ri ■ A a - c a Mc a 
4 v v 2 



(3.20) 



where S'£f is nothing but FP effective action in axial gauge with the gauge parameter 
C = (2 7l + 1)A. 



B. Relating theories in Coulomb gauge and Lorentz gauge 



We again start with Lorentz gauge theory given in Eq. (13. ip and choose another 
parameter 



0' 



d 4 x c a 



J = 1,2,3, 



(3.21) 



7iAS a + 7 2 (d-A a -d j A* 

to show the connection with theory in the Coulomb gauge. The change in the Jacobian 
due to this FFBRST transformation is calculated using Eq. (13.61) as 

= i [ d A x [ii\{B a f + l2 B a (d-A a - &Af) + i 2 c a (Mc° - M'c° 

where M' = <9 J Dj. We try the following ansatz for Si for this 



(3.22) 



Si 



d x 



(3.23) 



U^)(B a Y + U*)B a d ■ A a + &(K)B a &A<* 
+ &(K)c a Mc a + &(K)c a M'c a 

Now, using the condition Eq. ( 13 .7p for replacing the Jacobian as e 1 and following the 
similar procedure as discussed in the previous case, we obtain exactly same solutions as 
given in Eq. ( I3.17P for the coefficients Putting these solutions in Eq. (I3.23P we obtain 



Si 



d x 



ji\n(B a ) 2 + nB a d ■ A a - KB a &>A" + nc a Mc a - Kc a M'c° 



(3.24) 
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The transformed effective action 



S„ 



eff 



d x 



—F^F" + -{B a f - B a d j AJ - c a M'c° 



(3.25) 



4 ^ 2 

which is the FP effective action in Coulomb gauge with gauge parameter (. 

Thus, FFBRST with parameter given in equation (I3.2ip connects the generating func- 
tional for YM theories in Lorentz gauge to the generating functional for the same theory 
in Coulomb gauge. 



C. FFBRST transformation to link FP effective action in 
Lorentz gauge to quadratic gauge 



Next we consider theories in quatratic gauges which are often useful in doing calcu- 



lations 



20j. The effective action in quadratic gauge in terms of auxiliary field can be 



written as 



Sf fJ = J d 4 x —F^F^ + ^{B a f -B a (d-A a + d a ^A^A^) 



4 ^ 2 

ja/3j~a a ivy ( n „\P 



c a d> J, (D fl c) a - 2d a ^c a A^(D ll c) 



(3.26) 



where d a ^ is structure constant symmetric in and 7. This effective action is invariant 
under the FFBRST transformation mentioned in Eq. (13. 2p . 

For this case, we start with the following choice of the finite field dependent parameter 



Q' = i d A x c a \n\B a + l2 d a ^A^,A^ 



(3.27) 



We calculate the Jacobian change as 

-~- = i [ d 4 x 
J dn 



7iA(5 Q ) 2 + l2 B a d a ^AlA^ + 2 l2 d a ^c a {D^cfA 
We make an ansatz for S\ as 



(3.28) 



Sx = / d A x fo(K)(5 Q ) 2 + &{K)B a d a ^APA^ + ^(K)d a ^c a (D^A^ 



(3.29) 
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The unknown coefficients £j are determined by using the condition in equation (13. 7p and 
the initial condition in equation (13. lip , to get 

3 1 (k = 1) = 7iA(5 a ) 2 - B a d a ^A^A^ - 2d a ^c a {D fl cfA^, (3.30) 

and S' e jj = S^ff + S\{k = 1) = S'®f, which is effective action in quadratic gauge as given 
in Eq. (13. 26ft with gauge parameter (. 

Thus, the FFBRST with parameter given in equation (13.271) connects Lorentz gauge 
theory to the theory for quadratic gauge. 

D. FFBRST transformation linking FP action to the most 
general BRST/anti-BRST invariant action 

The most general BRST/anti-BRST invariant action for YM theories in Lorentz gauge 



is given as 



2l| 



S$[A,c,c] = J d 4 x 



1 (B ■ A a ) 2 

4 2A +ocu » c 



+ ~gf a ^d ■ A^c* - -a(l - -^Xg^^c^f^c" 1 ^ 
2 8 2 



(3.31) 



This effective action has the following global symmetries. 
BRST: 



anti-BRST: 



5c a = —gf^cPcih, 

Sc a = - ^agf a ^cA A. (3.32) 



5A; = (D,c) a A, 

6c a = —gf a ^c^A, 
2 

6c a = (~^- - (1 - \a)gr^A A. (3.33) 
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The above most general BRST/anti-BRST effective action can be re-expressed in the 
auxiliary field formulation as, 



Stf f [A,c,c,B] = jd< 



X 



-F^F^, + ^(B a ) 2 - B a (d ■ A c 



+ d^cD.c - ^aA/r^VcV^cV 



(3.34) 



The off-shell nilpotent, global BRST/anti-BRST symmetries for this effective action are 

given as 

BRST: 



8AI 
5c a 
5c a 

SB a 



{D»c) a A, 

B a A, 
0. 



(3.35) 



anti-BRST: 



5c a 
5c a 
SB a 



(D,c) a A, 
-\gf aM c^ A, 
{-B a - gf a ^c^c J ) A, 

_ g fapy B Pp A 



(3.36) 



To obtain the generating functional corresponding to this theory, we apply the FFBRST 
transformation with the finite field parameter 



Q' = i I d 4 x c a 



(3.37) 



on the generating functional given in Eq. (I3.19p . Using Eq. (13. 6p . change in Jacobian can 
be calculated as 



— — — i I d A x 
J an 



7iA(S a ) 2 + 2 l2 f a ^B a ^c< - ^/^VcV^W 



(3.38) 
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We further make an ansatz for Si as 



S 1 = / d A x ki(n)(B a ) 2 + ^ 2 (K)B a f a ^c^c t + ^{^r^c^cT^c^S 



(3.39) 



The condition given in equation (13.71) . can be written for this case as 



Vip exp % (S^ff + Si 



d x 



an / V an ) 



+ + | 72 ^J pPi^cT^c^c^ - + 2^ f^B^cT^d 1 ^' = 0. (3.40) 

We look for a special solution corresponding to the condition 

|C 2 + 2^ = 0. (3.41) 



Comparing the different coefficients, we get the following differential equations for 

(3.42) 



_ 7l A = 0, 

an 



^2 



2 7 2 = 0, 



<%3 ,9 n 
^ + 2 72 = °- 



(3.43) 
(3.44) 



Solutions of the above equations subjected to the initial condition given in Eq. (13. lip are, 



fi = 7i Ak, 

£ 2 = 27 2 k, 

P 9 

?3 — 



-72^. 



(3.45) 



These solutions are consistent with condition in Eq. ( 13.411 Since 72 is arbitrary, we choose 
72 = \ag( to get 



S^ ff + S 1 (K = l) = J d l 



x 



4 2 2 

1 



_ n'AB 



(3.46) 



which is the same effective action as mentioned in Eq. ( 13.34[) . where ( is the gauge 
parameter. 
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Thus even in the auxiliary field formulation the different generating functionals cor- 
responding to the different effective theories can be connect through off-shell nilpotent 
FFBRST transformation with different choices of the finite parameter which also depends 
on the auxiliary field. 



iv. FINITE FIELD DEPENDENT ANTI-BRST 

FORMULATION 

In this section, we construct the FF anti-BRST transformation analogous to FFBRST 
transformation. For simplicity, we consider the pure YM theory in Lorentz gauge de- 
scribed by the effective action in Eq. ( 12. 5 p which is invariant under the following on-shell 
anti-BRST transformation: 

8A$ = (D,cr A, 

5^ = --gF&c?*' A, 
2 

5c a = (-^^-gf^cA A, (4.1) 

where A is infinitesimal, anti commuting and global parameter. Following the procedure 
similar to the construction of FFBRST as outlined in the section II, we can easily construct 
the FF anti BRST transformation for the pure YM theory as 

6A$ = (D,c) a e, 

5c a = --gf a ^c f3 C t 6, 

/ 8 ■ A a \ 
5c a = (--- gP^cA 6, (4.2) 

where Q(A, c, c) is finite, field dependent and anticommuting parameter. We would like to 
investigate the role of such transformation by considering different finite field dependent 
parameters Q'(A, c, c). 
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A. FF anti-BRST transformation to change the gauge 

parameter 



First we consider a very simple example to outline the procedure. In this example, we 
show that a simple FF anti-BRST transformation can connect the generating functional 
corresponding to YM effective action in Lorentz gauge with a gauge parameter A to 
the generating functional corresponding to same effective action with a different gauge 
parameter A'. We start with the Lorentz gauge effective action given in Eq. ( 13. ip with 
the gauge parameter A and consider 



9' = _f 7 / d^x c a (x, n)d ■ A a (x } k), 



(4.3) 



with 7 as arbitrary parameter. Using the expression given in Eq. ( I3.6p . we calculate 



1 dJ 
J dn 



ij d x 



(d ■ A 



a\2 



+ c a Mc a 



We choose 



Si = £(«) J d 4 x 



(d ■ A 



a\2 



A 



(4.4) 



(4.5) 



The condition for replacing the Jacobian of the FF anti-BRST transformation with pa- 
rameter given in Eq. H4.3I) as e lSl is given in Eq. (13. 7h and calculated as 



T>ip exp 
= 0. 



( S eff + S i 



d x 



1 J (£' - 7 ) + 2£-—M?*e' - c a Mc a 
A A 



(4.6) 



The last term of above equation gives no contribution due to dimensional regularization 



and we can substitute 



6] 



(4.7) 



A ' A 

Thus the LHS of Eq. (JOJ) is vanish iff 

e ~ 7 + 2£7 = (4.8) 

We solve this equation subjected to the initial condition given in Eq. ( 13.1 ip to obtain 

(4.9) 



1 



£ = -(1 - e- 2 ^) 
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Thus, at k — 1 the extra term in the net effective action from the Jacobian is 

(d-A a ) 2 



S a = -(l - e - 2 ~<) / d"x 



A 



The new effective action becomes S'„ 

d 4 x 



S eff + S l 



eff 
1 

-t 

4 v 



^eff + $1- I n this case, 



eff 



~ ^r,{d- A a f -c a Mc° 



(4.10) 



(4.11) 



which is effective action in Lorentz gauge with gauge parameter A' = A/e~ 27 . Thus, the 
FF anti-BRST in Eq. ( 14.2ft with parameter given in Eq. ( 14.3ft connects two effective 
theories which differ only by a gauge parameter. 



B. Lorentz gauge theories to axial gauge theories using FF 

anti-BRST transformation 



The effective action in Lorentz gauge given in Eq. (12.51) can be written as 



nL 



d 4 x 



-F"F af * u - —(d ■ A a ) 2 + c a Mc a - gf a ^ec\d ■ A) 
4 2A 



(4.12) 



where we have interchanged the position of c, c in the ghost term for the seek of con- 
venience. This action is invariant under anti-BRST transformation given in Eq. ( 14. ip . 
Similarly, the effective action in axial gauge can be written as 



d 4 x 



-~F« V F<*^ - —{rj ■ A a ) 2 + c a Mc a - gf a ^c^ V ■ Af 



(4.13) 



which is invariant under the following anti-BRST symmetry transformations 

SAl = {D,cY A, 



5c a 



— gf afi7 ^c y A, 
2 



7] ■ A 
A~~ 



-gf^c^cA A 



(4.14) 



Now, we show that the generating functionals corresponding to these two effective action 
are related through FF anti-BRST transformation. 



To show the connection, we choose 



& = -i-i J d*x c a {d ■ A a - 7] ■ A c 



(4.15) 
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We calculate the change in Jacobian corresponding to this FF anti-BRST transformation 
using Eq. (13. 6 j) as 



1 dJ 
J dn 



\(d ■ A a f - \{d ■ A a )(r] ■ A a ) + gf a ^(?c\d ■ A c 
A A 



«7 J d 4 x 



(4.16) 



We make an ansatz for Si as the following 



Si 



d x 



£i(k)(0 • A a j + 6(/e)fa • A a ) + e 8 («)(a • A°)(t/ • A a 



+ (c q Mc q - gf^cP&d ■ A a ) + (c a Mc a - gf a ^c p c r r} ■ A a )] ,(4.17) 



where 6( K ) are parameters to be determined. The condition mentioned in Eq. (13.71 ) to 
replace the Jacobian as e lSl for this case is 

J XV exp[i(S^ ff + Si)]Jd 4 x {M^-gf a ^(d-A^)}e'Ud-A a )(2^ + ^j 
+ (77 • A a )&} + {Mc° - 0/^(17 • -4) 7 } &l(d. A a ) ^ 3 + |) + 2UV • ^)} 



1 ^ " 1 ' " ' ^ 5 - 7^) c a Mc a - gf a ^(fci(d -A a )(§^+^ 



+ (§^+ 1 \c a Mc a + . . 
y are J \dK 

- gf a ^c'{ri ■ A a ) ( ^ - 7 



dn 



0. 



(4.18) 



The last four terms of Eq. (I4.18P vanish by using equations of motion for ghost and 
antighost field and the non-local 0' dependent terms are cancelled by converting them 
to local terms using anti-ghost equation of motion [l8|. This occurs only if the two 0' 
dependent terms combine in a certain manner, depending again on the ratio of coefficients 
of c a Mc a and c a Mc a in terms in S^tt + Si. i.e. 



£4 + 1 

6 



6 



26 



6 + 1 6 ' 



6 + 7 



6 



(4.19) 
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Comparing the coefficients of (d-A a ) 2 , (r]-A a ) 2 , (d- A a )(r]-A a ), (c a Mc a - gf^c^c'd- A a ) 
and (c a Mc a — gf^crc 1 ^ ■ A a ) respectively, we get 



- 76 - 276 = 0, 



0. 



C^4 



+ 7 = 0, 



7 = 0. 

The solutions of the above equations ( 14.201) to (I4.24p (for 7 = 1) are 



(4.20) 
(4.21) 
(4.22) 

(4.23) 
(4.24) 



6 
£2 

£5 



1 

2A 



(k-1) 1 



2A : 



1 



A 

— K 
K. 



«(k — 1), 



(4.25) 



Putting these in the expression for Si, we have 

\d-A a f (i 1 -A a ) 2 



Si{k=1) 



dX 2A 
gf a ^c r T] ■ A 



2A 



c a Mc a + c a Mc a + gf a ^c is c'd ■ A 



(4.26) 



The new effective action becomes S' 



eff 



S^ff + Si. In this case, 



S L + Si 



_l F a F a^u _ . ^ + gO^ga _ g f a ^ c P C 7 {<T] ■ A) 



2A 



(4.27) 



which is nothing but the FP effective action in axial gauge. 

Thus, the generating functional corresponding to Lorentz gauge and axial gauge can 
also be related by FF anti-BRST transformation. We observe FF anti-BRST transforma- 
tion plays exactly the same role as FFBRST transformation in this example. 
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C. Connection of YM theories in Lorentz gauge to same 
theories in Coulomb gauge through FF anti-BRST 

transformation 



To show the connection between generating functional corresponding to the effective 
action in Lorentz gauge to that of the effective action in Coulomb gauge through FF anti 
BRST transformation, we choose the parameter, 



0' = -«7 J d A x c a {d ■ A Q - djA jc 



(4.28) 



Using equation (13. 6p . we calculate the change in Jacobian as 



1 dJ 
J dn 



i'j / d A x 



(d-A a ) 2 (d ■ A a )(djAi a ) 



A 



g f^c^c / d J A ja 



A 



- c a Mc a + c a M'c a + gP^c p c<d ■ A a 

(4.29) 



where M' = djDK We make an ansatz for Si looking at the different terms in the effective 
action in Lorentz gauge and Coulomb gauge as 



Si 



d 4 x 



£i(k)(0 • A a ) 2 + U^An 1 + £ 3 («)(d • A a )(djAn 



+ £ 4 (k) (c a Mc a - gf^cPcW ■ A a ) + &(«) (c a M'c a - gf a ^c /3 c f d j A ja )] (4.30) 



Si will be the part of the new effective action if and only if the condition in Eq. (13. 7p is 
satisfied. The condition in this particular case reads as 

J V<p exp[i(s^ f + Si)]jd 4 x {M? - gf a V(d .A*)}e' | (d ■ A a ) (^i + j^j 

+ (djA ja )£ 3 } + {M'c a - gf a f*c?(d j A j ' r )} & l(d ■ A 01 ) U 3 + f ) + 2£ 2 (<9^ a ) j 



| — - T | (d ■ A a f + ^(djA ja ) 2 + (d ■ A a )(djA ja ) 



<%i 7 
dn A 



' ^3 V 
dn A 



+ (Ik + euc a + - t) c a M'c a - g r*<*c>(d ■ A a ) + ^ 



gf°fhc?c>(d j A ia ) Hr-7 

\ ClK , 



0. 



(4.31) 
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Following the similar procedure as in subsection IV(A), we obtain S% at k — 1 as 



Si 



d x 



{d ■ A a ) 2 {djA^f 



2A 

- gf af *&c y d j A ja 



2A 



z a Mc a + c a Mc a + gf a ^c p c t d ■ A c 



(4.32) 



Adding this part to Sh f we obtain 



S L eff + S 1 {K = l) 



d A x 
d A x 



aC 



1 3 ' + c a M'c a - gf a ^c p c'd j A jc 
2A 



1 f<9/P aN ) 2 
4 2A 



(4.33) 



which is effective action in Coulomb gauge. Thus, the generating functionals corre- 
sponding to Lorentz gauge and Coulomb gauge can also be related by FF anti-BRST 
transformation. 

D. FF anti-BRST transformation connecting FP action to most 
general BRST/anti-BRST invariant action 

In order to connect these two theories viz. YM effective action in Lorentz gauge and 
the most general BRST/anti-BRST invariant action in Lorentz gauge, we consider finite 
field dependent parameter as 



0' 



-«7 J d 4 x er^^c 1 . 



(4.34) 



Then, corresponding to the above 9' the change in Jacobian, using the Eq.f l3.6p . is cal- 
culated as 



ldJ 

J dn 



ij Id x 



(4.35) 



Looking at the kind of terms present in the FP effective action in Lorentz gauge and in 
the most general BRST/anti-BRST invariant effective action in Lorentz gauge, we try an 
ansatz for S\ as 



S 1 = / d A x hi(K)f a ^d ■ A a c^c^ + bWF&i&c 1 



(4.36) 
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5*i can be expressed as e lSl iff it satisfies the condition mentioned in Eq. (13. 7p . The 
condition for this case is calculated as 



J Vip exp [i(S% f + Si)] J 



d i x 



\ dn A , 



V 2 2 A J 



0. 



We look for a special solution corresponding to the condition 

2 2 A 

The coefficient of f a ^d ■ A a c l3 c y and f^c^c 7 f av ^c v c^ gives respectively 

d£i 2 7 



A 



0. 



For a particular 7 = the solutions of above two equations are 

c a \ 2 . 2 2 

6 = -^A# k + —Xg k . 
8 lb 

At K = 1 



5i 



a 



gf a ^d ■ A a cV - - ( 1 - - ) Xtff'&i&c' 



a 



Hence, 



d x 



4 ^ 



2A M 



r> 11 

+ -9f aPl d ■ A^c 1 - -a(l - -a)\g l f afirt &c 1 f m *<?'(* 
2 8 2 

tAB 



S e ff[Ai c, c]. 



(4.37) 

(4.38) 

(4.39) 
(4.40) 

(4.41) 
(4.42) 

(4.43) 



(4.44) 



which is most general BRST/anti-BRST invariant effective action. 

Thus, the generating functional corresponding to most general effective action in 
Lorentz gauge can also be related through FF anti-BRST transformation. 
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v. OFF-SHELL NILPOTENT FF ANTI-BRST 

The FF anti-BRST transformation, we have constructed in previous section, is on-shell 
nilpotent. In this section, we construct FF anti- BRST transformation which is off-shell 
nilpotent. For this purpose, we consider the following effective action for YM theories in 
auxiliary field formulation in Lorentz gauge 



S e fj — / d x 



-~F afU/ F^ + ^(B a ) 2 - B a d ■ A a + c a Mc a - gf a ^c p c<{d ■ A) a 



(5.1) 



This effective action is invariant under anti-BRST transformation mentioned in Eq. (13.361) . 
Following the procedure outlined in Sec. Ill, we obtain the FF anti-BRST transformation 
in auxiliary field formulation as, 

SAl = (D,c) a e(A,c,c,B), 
5c a = - l -gf a ^c< e(A,c,c,B), 
Sc a = (-B a -gf a ^cPc f ) e(A,c,c,B), 

SB a = -gf^B^c 1 e(A,c,c,B), (5.2) 

which also leaves the effective action in Eq. (15.1 ft invariant. Now, we consider the different 
choices of the parameter Q'(A, c, c, B) in auxiliary field formulation to connect different 
theories. 



A. FF anti-BRST transformation connecting YM theories in 
Lorentz gauge to Coulomb gauge 



The effective action for YM theory in Coulomb gauge can be written after rearranging 
the ghost term as 



nC 



d x 



lpap, F a + ^( B «f _ B a d j A] + c a M'c a - gf a fr&c r d j A ja 



(5.3) 



4 ^ 2 

To show the connection of this theory with the theory in Lorentz gauge, we choose the 
finite field dependent parameter 



Q' = -i d A x c a [ 7l A5 a + l2 (d ■ A a - VA")}. 



(5.4) 
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We note that this parameter is different from the parameter of the FFBRST in Section 
III B. Using the above 0', we find the change in Jacobian as 



1 dJ 
J dn 



i Id x 



A 7 i(£ a ) 2 + -f 2 B a d ■ A a - l2 B a d 3 A a j + -f 2 gf a ^c^c^d ■ A a 
l2 gf^c^c f d j A'" - l2 cMc + j 2 cM'c 



(5.5) 



We make an ansatz for Si as 



Si 



d x 



U^)(B a Y + U*)B a d ■ A a + £ 3 (K,)B a &'A c i 



+ &(«) (c a Mc a - gf^cP&d ■ A a ) + &(«) (c a M'c° - gf a ^cPc 1 d j A ja ')] . (5.6) 
The essential requirement for replacing the Jacobian as e lSl mentioned in Eq. ( 13.71) is 



satisfied iff 



2ty exp [i (S L ef} +Sx)]l d A x I (B a ) 2 (^ - A 7 i) + B a d ■ A a (^ - l2 



dn 



dn 



+ B a &A%^ + 72 ) - c a Mc a (§^ + 72 ) - c a Mc a (§^ - 72) + [Mc a 
J dn dn dn 

- gf a ^d ■ Af\e f [B a fa + &)] + W'c a - gf°f h 'cPdiA]]e f [B°fa + &)]} 

= (5.7) 

In the above equation the two ghost terms vanish using equations of motion for ghost and 
antighost fields and nonlocal terms become local, only if, it satisfy the following conditions 

d£ 4 / dK + 72 g?£ 5 / dK - 72 



^4 + 1 £5 

6 + U 6 + £5 



(5i 



(5.9) 



£4 + 1 £5 

We further obtain equations for the parameter £j by vanishing the coefficient of different 
independent terms in the LHS of the Eq. (15 .TP as 



-ii - 7l A + 7l A(£ 2 + &) + 7iA(^3 + £5 

OK 



0. 



72 + 72(6 + &) + 72(6 + 6) = 0, 



^2 

dK, 

+ 72 - 72(6 + £4) - 72(6 + £5) 
^ + 72 = 0, 



^5 



- 72 = 0. 



(5.10) 
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We determine the parameter & subjected to the initial condition in Eq. (13. lip as 



6 


= TiA/c 


6 


= 




= -«, 






6 


= K. 



(5.11) 



Using the above solutions for we write Si at k — 1 as 

S 1 = J d 4 x [A 7 i(5 Q ) 2 + 5 a <9 • A a - B a djA ja - c a Me + gf a ^c a c^d ■ A 1 + c a M'c a 



gf a ^cPc'd j A ja 



(5.12) 



Now, when this Si is added to the effective action S^ ff , it provides effective action in 



Coulomb gauge as 



S eff + 5 i 



d 4 x 
d 4 x 



QIC 

° eff > 



--F afM/ F« + -(B a ) 2 - B a d j A° + c a M'c a - gf a ^c^c / d j A jc 



--F a ^F" + ^(B a f - B a d j A°; - c a M'c a 
4 2 



(5.13) 



which is the effective action in Coulomb gauge with gauge parameter (. 

Thus, FF anti-BRST in auxiliary field formulation produce the same result as expected, 
even though the finite finite parameter is different. 



B. FF anti-BRST transformation connecting YM theories in 

Lorentz gauge to axial gauge 

We repeat the same steps as in the previous subsection again for this case, with a 
different finite field dependent parameter 

Q' = -if d 4 xc a [7iA5 Q + 72 («9 ■ A a - r] ■ A a )] , (5.14) 
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and consider the ansatz for S\ as 



Si 



d x 



- gf a ^c^cW ■ A a ) + e 5 (K)(c a Mc Q - gF^cPc'Ti ■ A a ) 



(5.15) 



The condition for which the Jacobian of FF anti-BRST transformation in auxiliary field 
formulation corresponding to the parameter given in Eq. (15. 14j) can be replaced as e lSl 



is. 



Vcp exp [i (S% ff + Si)] J d 4 x [{Mc a - gf af *cP{d ■ A 7 )} 6' {B a (& + £ 4 )} 
+ {Mc a - gf a ^( V ■ A 7 ) | 0' + £ 5 )} + (B 



' an 

+ ■ - 72 ) + B a V ■ A a (§^ + 7a ) + c a Mc a (§^ + <y 2 ) 

an an an 

+ c a Mc a (^ - 72 ) - gf&cPcW -A a (§^ + 72 ) 
ok are 

- ^7^-^(^-72) =0. 



(5.16) 



The parameters £j are determined using this condition and we obtain the extra piece of 
the action Si as 



Si = d 4 x fA 7 i(5 a ) 2 + B a d ■ A a - B a r] ■ A a - c a Mc a + c a Mc a + gf a ^c r d ■ A a 



(5.17) 



Now, 



Seff + Si 



d X 



Q/A 



'4 \iv 



(B a )' 2 - B a r] ■ A a + c a Mc a - gf a ^c l3 c r ri ■ A a 



(5.18) 



where S'^ is the effective action in axial gauge with gauge parameter (. 

This implies off-shell nilpotent FF anti-BRST also produces the same result even 
though calculations are different. 
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C. FF anti-BRST transformation to connect most general 
BRST / anti-BRST invariant action 



We consider one more example in FF anti-BRST formulation using auxiliary field. 
We show that the most general BRST/anti-BRST invariant theory can be obtained from 
FP theory in Lorentz gauge. The most general effective action which is invariant under 
BRST/anti-BRST transformation in auxiliary field is given in Eq. (|3.34p . 

We choose 



0' = -% J d 4 x c a 
and take the ansatz for Si as 



(5.19) 



S 1 ! = / d 4 X fe(K)(5 a ) 2 + ^ 2 (K)B a f a ^C^C t + ^(K)f a ^C f3 C V f a ^C r, C i - 



(5.20) 



The condition in Eq. (13. 7p leads to 



Vip exp i (Seff + S] 



d x 



dn 



i-7iA )B C 



— - 2 72 ) B a f a ^c p c< 
dn J 



+ + | 72 ^J f^c^T^c* 1 ^ - + 2^ f a f*B f) c r f oa *? l &G' = 0. (5.21) 

Using the same procedure we obtain the solutions for the parameter £j, exactly same as 
in Eq. (13 .45 \\ . Even if the finite parameter is different in FFBRST and FF anti-BRST, 
we obtain the same contribution from Jacobian in this 



Si 



d x 



Now, 



7iA(E Q ) 2 + < ^B a f a ^c l3 c 1 - -ag^r^c^cT^^c^ 
2 8 



qL i q QlAB 



(5.22) 



(5.23) 



which is nothing but most general BRST/anti-BRST invariant effective action with gauge 
parameter ( mentioned in Eq. ( 13.461) . In all three cases we show that off-shell nilpotent 
FF anti-BRST plays exactly same role as on-shell nilpotent FF anti-BRST. 
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VI. CONCLUSION 

In this work we have started with the reformulation of the FFBRST transformation in 
an auxiliary field formulation where the BRST transformation is off-shell nilpotent. We 
have considered several examples with different choices of finite parameter to connect the 
different effective theories. In auxiliary field formulation the finite parameters depend 
also on B field hence different from FFBRST formulation without B field. However, 
most of the results of the FFBRST transformation are also obtained in auxiliary field 
formulation. In this paper we have introduced and developed for first time the concept 
of the FF anti-BRST transformation analogous to the FFBRST transformation. FF 
anti-BRST transformation can also be used to connect the different generating functionals 
corresponding to different effective theories. Several examples have been worked out 
explicitly to show the results. Lastly we consider the FF anti-BRST transformation also 
in auxiliary field formulation to make it off-shell nilpotent. The overall multiplicative 
antighost field in the finite parameters of the FFBRST transformations is replaced 
by ghost field in case of the FF anti-BRST transformation. Even though the finite 
parameters and hence the calculations are different, the same results are also produced in 
an auxiliary field formulation of the FF anti-BRST transformation. The BRST and the 
anti-BRST transformations are not independent transformations in the YM theories. We 
observe that the FF anti-BRST transformations play exactly the same role in connecting 
theories in 1-form gauge theory as expected. In 2-form gauge theories the BRST and the 
anti-BRST transformations play some sort of independent roles. Therefore, it will be 
interesting to study the finite field dependent BRST and anti-BRST transformations in 



2-form gauge theories 22] . 
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